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A semi-analytical methodology is proposed and implemented to approximate the
solution of the partial differential equations that model the radial Stokes flow
between two parallel disks. Two traditional approaches for solving partial differen-
tial equations of mathematical physics, namely, eigenfunction expansions and
Green's function representations, are used to obtain directly the pressure distribu-
tion for a variety of inflow boundary conditions. We combine these standard
techniques with a functional analytic framework to propose a proper representa-
tion for the pressure. This methodology has been implemented first in a symbolic
 W .software Mathematica and then numerically. We provide both validation of the
methodology when an exact solution exists and comparison with a spectral element
solver for a test case where inflow boundary conditions render the existence of a
recirculation zone close to the entrance of the domain. We briefly discuss how to
extend the methodology to handle the Navier]Stokes equation in radial flow}a
subject that will be presented in detail in a following paper. Q 1998 Academic Press
1. INTRODUCTION
The present paper describes in detail a novel pressure-based semi-ana-
lytical method and present results to validate its implementation. The
method is called ``pressure-based'' because instead of projecting the equa-
tions to eliminate the pressure distribution, we consider the pressure as
the important variable of the problem. We then formulate and solve an
integral equation which completely describes the pressure field. Therefore,
instead of following traditional methods where emphasis is given to the
velocity field, streamfunctions andror vorticity field, our pressure-based
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method is focused towards the accurate solution of the pressure field. The
pressure and, consequently, the pressure gradient are the significant vari-
ables as is the case in most of the applications in lubrication. In the
present paper this methodology is constructed to handle the equations that
model the radial Stokes source flow between two parallel disks. This
geometry is representative of applications such as modeling hydrostatic air
 w x w x.bearings e.g., Hunt and Torbe 5 ; Jackson and Symmons 7 , radial
 w x w x.diffusers e.g. Moller 9 ; Langer, Prata and Ferreira 8 and compressor
 w x.valves e.g., Ferreira, Deschamps, and Prata 3 . Our motivation is to
provide a rigorous semi-analytical investigation for flows encountered in
these applications. This semi-analytical work is part of a more extensive
 w x w x.research Oliveira and Amon 11 ; Oliveira 12 on radial flows.
Previous research in radial source flows was mainly based on analytical
and experimental techniques with the objective of predicting and measur-
ing the pressure distribution and boundary layer separation. Series expan-
sions were utilized to include inertial effects in the analytical models. The
region near to the inlet radius was found to be the main source of
discrepancy between analytical models and experimental measurements
 w x w x w x. w xe.g., Jackson and Symmons 7 ; Savage 16 ; Wilson 19 . Ishizawa 6
combined series expansions to represent the inlet region with the integral
method to represent the rest of the domain in order to construct a very
elaborate method to account for inertia. However, Ishizawa's approach
was not able to accurately predict flow separation and two-dimensional
 w x.vortical structure Raal 15 . This disagreement is probably due to the
 . w xinherent inaccuracy of the integral method. Chatterjee 2 used classical
integral transforms to solve the Stokes flow problem for the idealized case
of the radial Stokes flow between two infinite parallel disks with axial
inflow from a pipe. These two references represent the most important
analytical contributions to this problem. However, the literature on the
subject shows clearly that no general analytical solution is available for
radial Stokes flows, except for a particular case for which an exact solution
exists. This motivated the present analysis. Our initial goal was to provide
a rigorous semi-analytical methodology which solves the two-dimensional
Stokes flow problem for a variety of physically meaningful inflow boundary
conditions. In addition, the methodology should be flexible and robust to
handle the time-independent Navier]Stokes equations for radial flows. In
w xOliveira and Amon 10 , this formulation was first implemented in a
 W .symbolic software Mathematica so as to take advantage of the symbolic
manipulations and simpler programming. However, our interest in extend-
ing the method to handle nonlinearities and more complex inflow bound-
ary conditions, required a numerical implementation.
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The remainder of the paper is organized as follows: in Sections 2 and 3,
we describe the problem, governing equations and basic assumptions. In
Section 4, we introduce the function spaces involved and the specific
notation. Section 5 outlines the associated eigenvalue problems and Sec-
tion 6 introduces the generalized version of the mass conservation equa-
tion. Section 7 contains the set of eigenfunctions that are used in Section
10 to represent the pressure field. In Section 8, we obtain the Green's
function integral representation for the components of the velocity vector.
In Section 9, we present the final form of the generalized, integral
continuity equation solely in terms of the pressure field. Section 10 shows
the final resultant algebraic linear system of equations for the pressure
coefficients obtained as a consequence of the method chosen to solve the
integral equation for the pressure distribution. In Section 11, we validate
the methodology first by comparing our approximate solution with an exact
one for a unique choice of inflow functions. Then we impose a complex
inflow boundary condition such that no exact solution exists and compare
the result provided by our semi-analytical approach with the one obtained
by a spectral element Stokes solver. Finally, in Section 12 we summarize
this work, which currently is being extended to handle the nonlinear terms
of the Navier]Stokes equations for radial flows.
A comment is in order regarding the content of the paper. No attempt
was made to weaken the mathematical assumptions involved. On the
converse, they were chosen so as to allow a clear exposition of the subject
by avoiding the lengthy technical discussions that could result from sharper
assumptions. Most of the assumptions involved come from the physics of
the problem.
2. FORMULATION OF THE PROBLEM
This section describes the physically-based, meaningful assumptions, and
the corresponding mathematical formulation for the radial source Stokes
flow of a Newtonian fluid between two parallel disks. The geometry
consists of two parallel stationary concentric disks as shown in Fig. 1. An
arbitrary, physically-consistent velocity profile is prescribed in the inner
radius R1, and the fluid flows radially and axisymmetrically outwards,
reaching atmospheric pressure conditions at the outer radius R2.
Throughout this paper, we assume that the flow is incompressible and
Newtonian and the flow is axisymmetric, that is, the velocity and pressure
are independent on the angular coordinate in the cylindrical coordinate
system.
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FIG. 1. Radial flow between two parallel stationary disks. X and R are the axial and
radial coordinates, respectively. R1 and R2 denote the inner and outer radius, respectively.
The corresponding non-dimensional Stokes equations are presented
next. We define the following
U V P R X
u s , ¨ s , p s , r s , x s , 2.1 .2Ve Ve s srVe
where, U, V, P denote the dimensional primitive variables. X and R
correspond to the axial and radial coordinates, respectively; Re [
 .Qr 2pn s s R rn is the Reynolds number, x is the non-dimensional1
axial coordinate, and r is the non-dimensional radial coordinate; u and ¨
denote the axial and radial components of the velocity vector, respectively;
p represents the non-dimensional pressure and t the time coordinate. Ve
is the mean velocity at the inlet, s is the distance between the two parallel
disks, n is the kinematic viscosity, and Q represents the flow rate.
Regarding notation, N and R denote the set of positive integers and the
real numbers, respectively. The symbol [ indicates a definition and f, x
or f denotes partial differentiation of f with respect to the coordinate x,r
and r, respectively. In addition, the following representation is used for the
viscous operators
­ 2 1 ­ ­ 2
L [ q q , 2.2 .1 2 2r ­ r­ x ­ r
­ 2 1 ­ 1 ­ 2
L [ q y q . 2.3 .2 2 2 2r ­ r­ x r ­ r
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Then the governing equations are as follows:
­ ru ­ ¨r .  .
q s 0, 2.4 .
­ x ­ r
­ p r1
0 s y q L u , 2.5 .1 /­ x Re
­ p r1
0 s y q L ¨ . 2.6 .2 /­ r Re
 .  .The boundary conditions in the domain V [ 0, 1 = r , r are:1 2
u s f x , ¨ s g x for r s r , ; x g 0, 1 , 2.7 .  .  .  .1
­ ¨r .
u s 0, s 0, p s 0 for r s r , ; x g 0, 1 , 2.8 .  .2­ r
u s ¨ s 0 for x s 0 and x s 1; ; r g r , r . 2.9 .  .1 2
 .  .The physical interpretations of Eqs. 2.7 ] 2.9 correspond to flow
entering with arbitrary velocity distribution and leaving the domain with
zero axial velocity profile under atmospheric pressure. Such boundary
conditions imply that the solution in fact has zero resultant shear in the
 w x.outflow boundary and negligible resultant normal force Oliveira 12 . No
slip conditions are prescribed at both disks. We require the following
physical constraint:
f , g g w x g C 2 0, 1 : w 0 s 0, w 1 s 0 and 4 .  .  .  .
1
g x dx s 1. 2.10 .  .H
0
 .The following well-known fact is worth mentioning its proof is trivial :
Fact 2.1. Consider the assumptions, governing equations and boundary
 . w xconditions described above. If f x s 0, ; x g 0, 1 then it necessarily
follows that
6 r ­ p 12 r 2 r1 22i g x s x y x ; ii s 0 and p s ln . .  .  .  .  /r ­ x Re r1
RELATED PROBLEMS
 .  .Equations 2 ] 9 are related to the problem of finding the velocity
 .   .  ..vector field v s v x, t s u x, r , ¨ x, r and a scalar pressure field p s
 .  .  .  .p x, t which, for x s x, r g V [ 0, 1 = r , r , satisfy the following1 2
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2 . 2 . 1 .partial differential equations, for v g C V = C V , p g C V . In fact,
 . .the solutions U , V , and P are given by U s u q f x r y r rsol sol sol so l 2
 .  .r y r , V s ¨ q g x r rr and P s p1 2 sol 1 sol
r y r2X
= ? v s yf x in V , 3.1 .  . /r y r1 2
Re ­ p r y r f x .2XXL u s y f x q in V , 3.2 .  .1  5 / /r ­ x r y r r r y r . .1 1 2 1 2
Re ­ p r1 XXL ¨ s y g x in V . 3.3 .  .2  / /r ­ r r1
The boundary conditions are as follows:
u s 0, ¨ s 0 @ r s r , ; x g 0, 1 , 3.4 .  .1
­ ¨r .
u s 0, s 0, p s 0 @ r s r ; x g 0, 1 , 3.5 .  .2­ r
u s ¨ s 0 @ x s 0 & x s 1, ; r g r , r . 3.6 .  .1 2
 .  .If no classical solution exists for given inflow functions f x and g x , a
2 . 2 .solution will be sought in a generalized sense, v g H V = H V and
1 .p g H V . This work proposed and implemented a methodology to find
 .  .an approximate semi-analytical solution to Eqs. 3.1 ] 3.6 under an addi-
 .tional hypothesis of regularity at the inlet boundary, namely, that ¨ x, rr 1
 . 2 .  .and ¨ x, r must belong to L 0, 1 see Fact 6.1 . As usual, the construc-r x 1
tion of such a solution is done in the later, wider functions spaces.
4. FUNCTIONAL ANALYTIC SETTINGS
We consider the following function spaces:
22 < <L V [ w : V ª R w dV - ` , 4.1 .  .H 5
V
­ w ­ w
1 2H V [ w : V ª R w , , g L V , 4.2 .  .  . 5­ x ­ r
1 1H V [ w g H V w s 0 on G , 4.3 .  .  . 40 0
 .where G denotes the boundaries of the domain V where Dirichlet0
w  .  .xboundary conditions are prescribed see Eqs. 3.4 ] 3.6 . The following
 .inner product is associated with Eq. 4.1 :
< Vu ¨ [ u¨ dV , ;u , ¨ g L V . 4.4 .  . . H 2
V
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 < r . 2 .  < x .We shall use to denote the inner product in L r , r and to1 2
2 . 2 .denote the inner product in L 0, 1 . The definition of the space H V is
 . 2 .similar to Eq. 4.2 with the second derivatives also belonging to L V .
5. APPROACH I: DIAGONALIZING L AND L1 2
 .EIGENFUNCTION EXPANSION
EIGENVALUE PROBLEMS
To take advantage of the linear part of the governing non-dimensional
equations, the following auxiliary eigenvalue problems are defined with
corresponding homogenous boundary conditions identical to Eqs.
 .  .3.4 ] 3.6 . We use the notation BCu and BCv to represent these homoge-
nous boundary conditions for u and ¨ , respectively.
L u s ya 2 u , 5.1 .1 m n m n m n
L ¨ s yb 2 ¨ , 5.2 .2 p q p q p q
2  .2  .2 2  .2  .2where a [ a q np and b [ b q qp , for m, n, p, q gm n m p q p
N, are the eigenvalues and u and ¨ are the set of eigenfunctions inm n p q
2 .L V corresponding to the operators L and L .1 2
The eigenfunctions associated with the viscous operators L and L are1 2
given by
u s sin np x Ru r , 5.3 .  .  .m n 0 m
¨ s sin lp x R¨ r , 5.4 .  .  .k l 1k
uR r s J a r Y a r y J a r Y a r , 5.5 .  .  .  .  .  .0 m 0 m 0 m 2 0 m 2 0 m
Y b r .1 k 1¨R r s Y b r y J b r 5.6 .  .  .  .1k 1 k 1 k J b r .1 k 1
and the corresponding normalization integrals are
22r Y b r .2 1 k 1
N¨ b s Y b r y J b r .  .  .k 1 k 2 1 k 22 J b r .1 k 1
22r Y b r .1 1 k 1y Y b r y J b r , 5.7a .  .  .0 k 1 0 k 12 J b r .1 k 1
2 2J a r y J a r .  .0 m 1 0 m 2
Nu a s 2 5.7b .  .m 2
pa J a r . .m 0 m 1
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with a and b being determined from the following characteristicm k
equations:
J b r Y b r y J b r Y b r s 0, 5.7c .  .  .  .  .1 k 1 0 k 2 0 k 2 1 k 1
J a r Y a r y J a r Y a r s 0 where k , m g N. .  .  .  .0 m 1 0 m 2 0 m 2 0 m 1
5.7d .
6. INCOMPRESSIBILITY CONSTRAINT IN A
GENERALIZED SENSE
 1 .  .  .  .  .Let N [ w g H V : w x, r , w x, r g L 0, 1 and w x, r s 0, ;x g1 x 1 2 2
 .40, 1 .
To enforce the velocity vector field to satisfy the mass conservation
 .  .principle, we impose Eq. 3.1 in the following generalized sense:
1
v ? =h dV s r q r f x h x , r dx q f x q r h dV , .  .  .  .  .  .H H H1 1 x 1 x r
V 0 V
;h g N, 6.1 .
 .  3 2 3.  .where q r [ 2 r y 3r r q r r6 r r y r . It is not difficult to prove2 2 2 1
 w x.the following fact Oliveira 12 :
 .  .  .Fact 6.1. Suppose f x and g x satisfy conditions 2.10 , and v g
2 . 2 .  .  .C V = C V satisfies Eqs. 3.4 ] 3.6 and the following regularity con-
 .  . 2 .  .dition at the inlet boundary: ¨ x, r , ¨ x, r g L 0, 1 . Then, Eq. 6.1r 1 r x 1
 .reduces to Eq. 3.1 .
7. EIGENFUNCTIONS FOR THE PRESSURE
 w x.We define the following set of functions Oliveira 12 :
1 d rR¨ .1mw xSS0: r , r ª R, SS0 [ . 7.1 .1 2 m  /r dr
It can be shown that
r2 2SS0 SS0 r dr s b N¨ b d and SS0 r s 0, ;m , n g N. .  .H m n m m m n m 2
r1
7.2 .
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  .4Furthermore, SS0 r , for m g N, form a complete set of eigenfunctionsm
generated by the following eigenvalue problem:
d2 Y 1 dY dY
2q q l Y s 0, r s 0, Y r s 0, i.e., .  .1 22 r dr drdr
Y s SS0 r and l2 s b 2 , 7.3 .  .m m m
X  .where Y [ dYrdr and m g N. One can also easily show that SS0 r ism
  .  .  .  .4linearly dependent to Y b r y J b r Y b r rJ b r .0 m 0 m 0 m 2 0 m 2
 w x.   .4Fact. 7.1. Oliveira 12 : The set of functions SS0 r , for m g N,m
2 .form a complete orthogonal system in L r , r .1 2
 .Equation 6.1 leads to a linear algebraic system of equations to deter-
mine the pressure. To obtain this system, we need to choose a convenient
basis for h and expand the pressure with respect to this basis.
8. APPROACH II: INVERSION OF L AND L GREEN'S1 2
.FUNCTION GREEN'S FUNCTION AUXILIARY
EQUATION RADIAL COMPONENT OF
.THE VELOCITY
The Green's function auxiliary equation for the radial component of the
velocity is the following:
1 d r y r .02L G¨ s = y G¨ s yd x y x in V 8.1 .  .2 02 / rr
with boundary conditions similar to BCv along ­ V.
This equation is mathematically meaningful only when interpreted in
 w x w x.the framework of generalized functions Zeidler, 21 ; Friedman 4 . In
fact, we could have presented the problem in a generalized sense, since no
classical solutions exist for such a problem. This is the next issue to be
addressed.
 .DEFINITION 8.1. A generalized solution to 8.1 is a symbolic function
 .  < V .  .  .w x, x such that w L w s yw x [ yw x , r , ;x g V and ;w0 2 0 0 0 0
` .g C V satisfy BCv.
 .We solve Eq. 8.1 and the corresponding boundary conditions through
the following expansion:
`
¨ ¨G¨ x , r ; x , r s a x , x R r R r . 8.2 .  .  .  .  .0 o n 0 1n 0 1n
ns1
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After some calculations, one finds that
yf x , x .0
a x , x s , 8.3 .  .n 0 b N¨ b sinh b .  .n n n
where
sinh b x sinh b x y 1 for 0 - x - x - 1, .  . .n n 0 0f x , x s .0  sinh b x sinh b x y 1 for 0 - x - x - 1. .  . .n 0 n 0
8.4 .
 .Fact 8.2. Equations 8.2]8.4 provide necessary and sufficient condi-
 .tions for solving Eq. 8.1 .
 .  .  .Proof. Equation 8.1 and BCv imply Eqs. 8.3 and 8.4 by the tradi-
tional construction of the associated Green's function see, e.g., Fried-
w x w x.man 4 , Sobolev 17 . Thus only the opposite implication will be shown.
 .  .By the previous definition, we need to show that Eqs. 8.3 and 8.4
  . < V .  .  . ` .imply that G¨ x, x L w s yw x [ yw x , r , ;w g C V satis-0 2 0 0 0
 .  . ¨  .fying BCv. Fix p, q g N. Let w x s sin pp x R r . Then L w s1q 2
 .2  . ¨  .y ppb sin pp x R r andq 1q
2V V ¨< <G¨ x , x L w s y ppb G¨ x , x sin pp x R r .  .  .  . . .  /0 2 q 0 1q
2 x¨ <s y ppb R r N¨ b a x , x sin pp x . .  .  . .  .  .q 1q 0 q q 0
  . < x  ..  .   . 2 4Now, a x, x sin pp x s b sin pp x r b N¨ b b implies thatq 0 q 0 q q q p
  . < V . ¨  .  .  .G¨ x, x L w s yR r sin pp x s yw x . Since p, q were arbi-0 2 1q 0 0 0
  . ¨  .4 2 .trarily fixed and sin pp x R r form a complete set in L V , we1q p, q g N
are done.
The Green's function representation for the radial component of the
 .velocity is obtained by applying Green's formula and using Eq. 8.1 to
obtain the following:
¨L G¨ y G¨L ¨ dV s ¨=G¨ y G¨=¨ ? n dG , 8.5 .  .  .H H2 2
V ­ V
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Re 1 ­ r G¨ x; x . .0 0¨ x , r s p x , r dV .  .H 0 0 0r r ­ rV1 0 00
r d2 g1q G¨ x; x dV . 8.6 .  .H 0 02r dxV 0 00
To obtain the Green's function representation for the axial component of
the ¨elocity, we consider the following auxiliary equation:
d r y r .02L Gu s = Gu s yd x y x in V 8.7 .  .1 0 r
with boundary conditions similar to BCu along ­ V.
 .Equation 8.7 is solved together with the homogeneous boundary condi-
tions through the following expansion:
`
UGu x , r ; x , r s b r , r sin mp x sin mp x , 8.8 .  .  .  .  .0 0 m 0 0
ms1
where
¡ FO r .2 m 0
2 FO r for r - r - r - r , .1m 1 0 2mp r C1 2 mU ~b r , r s 8.9 .  .m 0 FO r .2 m
2 FO r for r - r - r - r , .1m 0 1 0 2¢ mp r C1 2 m
K sp r .0 kUR [ for k s 1, 2, 8.10 .k I sp r .0 k
C [ yI mp r RU y K mp r yI mp r RU q K mp r , 4  4 .  .  .  .2 m 1 1 1 1 1 0 1 2 0 1
8.11 .
I mp r .0
FO r [ yK mp r q K mp r , j s 1, 2. 8.12 .  .  .  .jm 0 j 0I mp r .0 j
The Green's function representation for the axial component of the
 .velocity is found by again applying Green's formula and using Eqs. 3.2
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 .and 8.7 to obtain the following:
u L Gu y Gu L u dV s u=Gu y Gu=u ? n dG s 0, 8.13 .  .  .H H1 1
V ­ V
Re ­ Gu x; x . .0
u x s p x dV .  .H 0 0r ­ xV1 00
2r y r d f f x .0 2 0q q Gu x; x dV . 8.14 .  .H 0 02r y r r r y rdx  .V 1 2 0 1 200
9. CONSERVATION OF MASS
To enforce the velocity vector field to satisfy the mass conservation
 .  .  .principle, Eq. 6.1 is imposed. We substitute Eqs. 8.6 and 8.14 into Eq.
 .6.1 so as to obtain:
Re ­ Gu x; x 1 ­ r G¨ x; x .  . .0 0 0
p x h q p x h dV dV .  .H H 0 x 0 r 0 /r ­ x r ­ rV V1 0 0 00
r1 XXs f x q r h dV y g x G¨ x; x h dV dV .  .  .  .H H Hx r 0 0 r 0rV V V 00
ay q x , r Gu x; x h dV dV .  .H H 0 0 0 x 0
V V0
q r q r f x h x , r dV , 9.1 .  .  .  .H1 1 x 1
V
 . a . w 2  . 2 x  .  .;h x, r g N, where q x [ d f x r dx r y r r r y r0 0 0 2 1 2
w  .  .x  .  3 2 3.  .q f x rr r y r and q r [ 2 r y 3r r q r r6 r r y r .0 0 1 2 2 2 2 1
 .This is an integral generalized equation for the pressure, i.e., by solving
 .  .this integral equation we would also obtain u and ¨ from 8.5 and 8.10 .
The three previous sections make such an equation well-defined. The
advantage of following this methodology is that p is directly obtained. In
creeping flows with constant properties and no significant body forces, the
pressure field is harmonic, but we do not know its boundary values in
advance. There are few ways to solve such an integral equation. The next
 .section is related to a way we choose to solve Eq. 9.1 .
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10. THE PRESSURE REPRESENTATION AND
ALGEBRAIC EQUATIONS
We introduce the following eigenfunction expansion to approximate the
 .pressure p x, r :
NNX NNX NNR
U Up x , r [ p |SS0 r q p cos pp x SS0 r , 10.1 .  .  .  .  .  a p 0 q q p q q
qs1 ps1 qs1
w x  4  . w x  .where |: 0, 1 ª 1 , | x [ 1, ; x g 0, 1 . Equation 9.1 , for h s
 .  .cos sp x SS0 s s 0, 1, 2, . . . and t g N , becomes:t
NNR2 r rRe sp 2 2U Up b r , r SS0 r r dr SS0 r r dr .  .  . H Hsq s 0 t q 0 0 0 /  /r 2 r r1 1qs1
1 14 2 Uq b N¨ b cos sp x a x , x dx dx p .  .  .  .H Ht t 0 t 0 0 0 t / 0 0
NNX
1 1Uq p cos pp x cos sp x a x , x dx dx .  .  . H Hpt 0 t 0 0 / 5 50 0ps1
r1 22 ¨s ysp b f x sin sp x dx R q r r dr .  .  .  .H Ht 1 t /  /0 r1
1 12 XXy b N¨ b r g x cos sp x a x , x dx dx .  .  .  .  .H Ht t 1 0 t 0 0 /0 0
r2 ¨= R drH 1 t 0 /r1
3sp . 1
q f x sin sp x dx .  .H /2 0
r r2 2 U= b r , r SS0 r r dr q r r dr .  .  .H H s 0 t 1 0 0 0 /r r1
sp 1
y f x sin sp x dx .  .H /2 0
r r2 2 U= b r , r SS0 r r dr q r r dr .  .  .H H s 0 t 2 0 0 0 /r r1
1
ysp r q r SS0 r f x sin sp x dx 10.2 .  .  .  .  .H1 1 t 1  /0
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for s s 1, 2, . . . , NNX and t s 1, 2, . . . , NNR, where,
2 r 3 y 3r r 2 q r 3 r y r2 2 0 2
q r [ , q r [ , .  .1 06 r r y r r y r .2 1 1 2
1
q r [ , .2 0 r r y r .0 1 2
1 1Up a x , x dx dx .H H0 t t 0 0 /0 0
NNX
1 1Uq p cos pp x a x , x dx dx .  . H Hpt 0 t 0 0 /0 0ps1
2 rr 1 1 21 XX ¨s y g x a x , x dx dx R dr , .  .H H H0 t 0 0 1 t 02  /  /b N¨ b Re . 0 0 rt t 1
10.3 .
for s s 0 and t s 1, 2, . . . , NNR.
Notice that we must evaluate 14 different one-dimensional integrals to
solve the resultant system of algebraic equations. Analytical formulas are
 w xavailable for several of these integrals see, e.g., Luke 22 and Wheelon
w x.18 and the others are integrated numerically. The algebraic system is
solved and all analytical and numerical integrations are performed in a
W  w x.program written in the symbolic software Mathematica Wolfram 20 in
order to use efficiently its symbolic manipulations and libraries. In addi-
tion, we have developed a fully numerical implementation to enable
efficient extension of the pressure-based semi-analytical approach for
solving the Navier]Stokes equations for radial flows. The next section
presents more details regarding the solution procedure.
11. RESULTS
The system of equations described above as well as all functions in-
volved and their integrals were initially solved in a symbolic software
 W .Mathematica so as to take advantage of its clear structure, symbolic
manipulations and libraries. Subsequently, we implemented a fully numeri-
cal algorithm to improve numerical efficiency and to enable future exten-
sions of the methodology. The CPU time required for each numerical
computation was sped up by pre-evaluating all functions only at the
collocation points corresponding to the Gauss]Legendre integration. Next,
numerical integrations are performed using Gauss]Legendre integration
 w x.Press et al. 14 while several integrals are exactly evaluated analytically.
Then the matrix of coefficients and right-hand side vector are formed.
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FIG. 2. Comparison between exact solution and semi-analytical approximation under
 .  .  2 .inflow conditions f x s 0 and g x s 6 x y x .
The system of equations is solved directly by LU decomposition. The
solution of this system is used to construct the closed form pressure
approximations.
To validate the present methodology, we compare first our approxi-
 .mate semi-analytical solution with the exact solution p r sexact
 . 2  .  .12rRe r ln r rr , which corresponds to inflow conditions at r s R rS1 2 1
 .  .  2 .of f x s 0 and g x s 6 x y x . This is the unique case where an exact
 .solution exists recall Fact 2.1 . Using the fundamental mode in the axial
direction and only ten terms in the eigenfunction expansion to represent
the pressure, we obtain very good agreement with the exact solution, as
shown in Fig. 2. The largest difference occurs at the entrance where there
is a geometric singularity.
Table 1 shows the L2-norm of the error between the semi-analytical
approximation and the exact solution. As expected, it shows that the
approximation converges well in the L2-norm, thus validating the numeri-
2 5 5cal implementations. The L -norm of the error, e , decays approximately2
linearly with the inverse of the number of modes. Increasing the number
5 5of collocations points decreases significantly e until a plateau is reached2
were no significant variation is noticed by further increasing the number of
collocation points.
To evaluate the performance and robustness of the proposed pressure-
based approach, we choose next inflow conditions such that they generate
separation and recirculation zones at the entrance of the flow domain. We
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TABLE I
2Values for the L -norm of the error between approximate
semi-analytical solution and exact solution for different
number of modes.
5 5N e 2
y65 3.72 = 10
y610 1.99 = 10
y615 1.48 = 10
y620 1.00 = 10
y725 9.33 = 10
y730 6.58 = 10
y750 3.69 = 10
impose complex inflow functions corresponding to a two-dimensional flow
 . 3 2  . 9 .given by the functions: f x s y2 x q 2 x and g x s y110 x x y 1 .
This flow condition induces an adverse pressure field at the entrance
region, which rapidly readjusts to the one-dimensional field p . Figure 3exact
shows a comparison between the pressure isolines obtained with the
pressure-based semi-analytical approach and a spectral element numerical
 w x w x.solver Patera 13 ; Amon 1 . The pressure-based approximate solution
was obtained with 20 = 30 modes and 139 = 289 collocation points for
integrations. The spectral element Stokes solution utilizes 48 macro-ele-
ments with 7 = 7 internal collocation points per element. We utilized a
 .FIG. 3. Comparison of pressure isolines for Stokes flow under inflow conditions f x s
3 2  . 9 .y2 x q 2 x and g x s y110 x x y 1 : pressure-based versus spectral-element solution.
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TABLE II
 .Comparison between pressure fields from spectral element stokes solver SESS and
 . w .  . xsemi-analytical approximation SAA a 10 = 10 modes, b 20 = 20 modes at x s 0.5.
 .  .x s 0.5 SAA a SAA b SESS
r s 0.5 83.00 90.00 102.2
r s 1 73.73 72.36 69.51
r s 2 46.66 48.45 48.29
r s 3 36.86 36.17 36.09
r s 4 26.99 27.55 27.47
r s 5 21.11 20.82 20.76
r s 6 15.09 15.39 15.29
r s 7 10.86 10.75 10.67
r s 8 6.59 6.74 6.66
r s 9 3.21 3.19 3.13
refined mesh at the inlet of the computational domain so as to confine any
effects due to the geometric singularity at the entrance of the domain.
Notice that the pressure field is accurately approximated, except close to
 .  .the singularities at 0, 0.5 and 1, 0.5 , where extremely steep gradients are
present. Tables 2 and 3 show in more detail such comparison for various
axial locations.
Lastly, we show in Fig. 4 the velocity vectors obtained by the pressure-
 .based semi-analytical method left figure and through the spectral-ele-
 .ment solver right figure . The velocity components in the pressure-based
approximation are evaluated from the pressure approximation in the
following way: the axial component of the velocity is evaluated by Eq.
TABLE III
 .Comparison between pressure fields from spectral element Stokes solver SESS and
 . w .  . xsemi-analytical approximation SAA a 10 = 10 modes, b 20 = 20 modes at x s 0.25.
 .  .x s 0.25 SAA a SAA b SESS
r s 0.5 53.20 23.97 44.98
r s 1 55.70 57.68 59.39
r s 2 50.72 48.56 48.44
r s 3 35.04 36.42 36.08
r s 4 28.07 27.75 27.47
r s 5 20.37 21.03 20.76
r s 6 15.58 15.51 15.29
r s 7 10.53 10.85 10.67
r s 8 6.81 6.79 6.66
r s 9 3.11 3.21 3.13
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 .FIG. 4. Comparison of velocity vectors for Stokes flow under inflow conditions f x s
3 2  . 9 .y2 x q 2 x and g x s y110 x x y 1 : pressure based solution versus spectral-element
solution.
 .8.14 and the radial component is obtained by a normalized eigenfunction
 .  .expansion using Eqs. 5.4 and 5.6 and the Fourier coefficients obtained
 .from the integral transformed version of Eq. 3.3 as detailed in
w xOliveira 12 .
An interesting observation is that these comparisons were obtained
under different outflow boundary conditions, since we use as stress-free
condition in the spectral element solver. This fact supports our previous
 .statement following Eq. 2.9 , which is described in more detail in
w xOliveira 12 .
We are currently extending the pressure-based methodology proposed
and implemented in this paper to handle the steady-state Navier]Stokes
equations.
12. SUMMARY
A novel approach towards solving the Stokes equations has been pre-
sented and implemented numerically. The approach is a pressure-based
method that projects the governing partial differential equations so as to
obtain the integral formulation for the pressure in order to solve accu-
rately for the pressure field as the primary variable. Therefore, the method
PRESSURE-BASED SOLUTION 113
has competitive advantages and good attributes for general fluid mechan-
ics applications in which the physics is dominated by the pressure field.
The implementation of the pressure-based method is demonstrated for
two-dimensional Stokes flows, and the method is then applied to obtain
the pressure and velocity fields in a radial flow. The resultant integral
equation is solved by approximating the pressure with an eigenfunction
expansion which takes advantage of orthogonality to obtain a set of
algebraic equations for the pressure coefficients.
Two tests cases are chosen to evaluate the proposed method and
compare its solution with an exact solution case and with a spectral
element numerical solution. The pressure-based solution is first compared
with an exact closed-form solution, where the mathematical formulation
and numerical implementation are validated with the decay of the L2-norm
of the error. The second test case considers a flow with inflow conditions
for which separation and recirculation zones occur at the entrance of the
domain, to further validate the numerical implementation for a two-
dimensional complex flow. Very good agreement was obtained between
the pressure-based solution and the spectral element solution on the
prediction of the pressure field as well as in the velocity field recovered
from the pressure distribution.
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